The insertion of holes into laminates can be done by producing a fiber reinforced composite plate and, subsequently, drilling the borehole. Alternatively, we can bypass the fibers around the final hole before injecting the matrix material. In the first case, the spatial distribution of the axis of anisotropy, and the structural tensor concerned, are spatially constant. In the second case, i.e. the fiber circumplacement around the hole, a space-dependent anisotropy has to be considered. Instead of the common approach of defining region-wise constant fiber orientations, we propose a continuous formulation of fiber orientations using streamlines. To estimate the final stress and strain state for a unidirectional composite plate, three-dimensional finite element simulations are performed, where spatially constant transverse isotropy is compared to inhomogeneously distributed fiber orientation around the hole. It will turn out that the resulting stress states lead to both reduced stress amplitudes in loading direction as well as compressive strains in lateral direction. A detailed mathematical derivation of the basic equations accompanies the investigations.
Introduction
One possibility to produce laminates is to use one fiber direction. In this respect, woven fabrics are out the scope of the subsequent, first investigations. To compute a homogenized stress distribution, it is convenient to draw on linear elasticity for transverse isotropy for such kind of unidirectional laminates, see, for example, [1, 2] , and, for a brief overview, [3] . These works go back to the fundamental contribution of [4] . In the field of small deformation, there exist a number of contributions, see, for example, [5, 6, 7, 8, 9] . There is a new area of applications of transverse isotropy, namely the field of biomechanics, since several soft tissues show this kind of anisotropic behavior, [10, 11, 12, 13, 14] . For particular descriptions, see [15, 16, 17] . Since there are only a very few analytical solutions (making sense for code verification purposes), numerical methods have to be chosen. Here, the finite element method is the most common approach. However, there might be also difficulties for low order elements. Regarding numerical difficulties, such as locking effects due to constraints in fiber direction under particular loading conditions, see [18, 19] and the literature cited therein. In our contribution fine meshes and quadratic shape functions are chosen to minimize numerical problems. Fiber-reinforced plates must be connected to other structural elements, which is sometimes done using skews or rivets. Frequently, holes are drilled into the final plate so that some fibers are cut. To circumvent this, a suitable possibility is given by bypassing fibers around the hole in advance, i.e. during the production process. Different methods have been developed for defining fiber orientation to investigate different issues of plates with a hole. Regarding stiffening laminates and to achieve variable stiffness in specimens, see [20, 21] . Detailed research is available to optimize the fiber orientation near a hole, path optimization of laminated composite structures, and to find the optimal fiber angle distribution, see [22, 23, 24, 25] . [26, 27] study problems in buckling, failure, and vibration in laminates reinforced by curvilinear fibers. For more studies on stress, strain, fracture, and the influence of the thickness distribution in a ply with variable fiber angles, see [28, 29, 30, 31, 32, 33, 34] . Commonly, the works treat fiber orientation defined with piece-wise functions, see [24] , or by element-wise formulations, see [27, 23] . In this study, fiber orientation is presented by using streamline function in fluid mechanics to obtain continuously distributed fiber orientations. Thus, we are interested in modeling both approaches using finite elements, where for the bypass approach a fiber orientation model using streamline theory around a circular cylinder is proposed. Finally, the results of the computations with uniform fiber orientation and the bypass-approach are compared. The article is structured as follows: first, the constitutive model of transverse isotropy for the small strain case is derived from the large strain theory by geometrical linearization. Afterwards, we propose the streamline model to describe how fiber directions lie around a circular hole. Finally, finite element simulations are provided, where the stress and strain states for small strain applications are compared. The notation in use is defined in the following manner: geometrical vectors are symbolized by a, second-order tensors A by bold-faced Roman letters, and calligraphic letters A define fourth order tensors. Furthermore, we introduce matrices by bold-faced Roman letters A.
Constitutive model of transverse isotropy
In the following, we motivate the model of transverse isotropy for linear elasticity and a small strain theory. Afterwards, a model for a fiber orientation around a hole is proposed, which is based on the theory of streamlines.
Basic equations
Frequently, constitutive equations for transverse isotropy of an elastic material are modeled using a strain-energy function depending on the Green strain tensor E = (1/2)(F T F − I), or, alternatively, on the right Cauchy-Green tensor C = F T F, and a structural tensor M containing the information of the fiber orientatioñ
F( X,t) = Grad χ R ( X,t) represents the deformation gradient of the motion x = χ R ( X,t), where the material point X occupies the spatial position x at time t. I = δ i j e i ⊗ e j defines the second order identity tensor. In the case of transverse isotropy the structural tensor reads M = a ⊗ a, where a( X) defines the orientation of the fiber direction with the property a = 1.T symbolizes the second Piola-Kirchhoff stress tensor, which is related to the (true) Cauchy stress tensor T byT = (det F)F −1 TF −T . ρ R represents the density in reference configuration. The dependence of the strain energy function is not arbitrary but consists of particular number of invariants,
which are defined by
see [4, 35] . The invariants of the Green strain and right Cauchy-Green tensor are related by
or vice versa
Since we are interested in formulating a constitutive model for small strains, we draw on the formulation using the Green strain tensor E. Applying the chain rule on Eq.(2) 1 yields
To obtain a linear elastic, small strain theory, which is fully appropriate in our application, several assumptions are introduced:
1. First, the Green strain tensor has to be linearized in view of the displacement gradient
i.e. the quadratic term is omitted, see [36, 37] . 2. Since we are interested in a theory of small displacements, it is assumed that there is no distinction between the spatial coordinates x and the coordinates in the reference configuration X. Thus, the linearized Green strain tensor reads
implying that we have small displacements and small strains, i.e. x ≈ X, u( X,t) = u( x,t). There is no distinction of the configurations and all material properties are assigned to a spatial point x. In the following, we omit the index L for brevity. 3. If we are interested in a linear theory, i.e. the resulting stress state T depends linearly on the strain state E, and the strain-energy function (5) must quadratically depend on the strain tensor E. This is given by
There cannot be a dependence on the third invariant III E , which automatically leads to a non-linear elastic material, see [4, 1, 2].
4. The stresses have the tendency to become equal for very small strains. Thus, we do not distinct between different stress measures, T → T. Accordingly, we arrive at the final stress state applying Eq.(2) 1
5. Frequently, the product of the density in the reference configuration with the material parameters is omitted so that the density is not visible in the final expression, i.e. we define
Using all these assumptions lead to a particular expression, where elasticity relation (9) can be expressed by a fourth order elasticity tensor C . To show this, we need the relations
see, for example, [38, 39, 35] , yielding
with 
Model of fiber orientation
To obtain a function with continuously distributed fibers, which move around a circular hole in the vicinity of the hole, we lend ideas of streamlines in Fluid Mechanics. In [40] the streamlines are defined by
We set k = 0, a = ψ/U ∞ , x = r cos θ , and y = r sin θ to arrive at
representing a cubic polynomial in y. There are three solutions, two conjugate complex and one real. We are only interested in the real solution yieldinĝ
In Fig. 1 (b) the orientation lines are shown for different a. The arbitrary factor a is adapted in such a manner that it has a geometrical meaning, which is discussed in the following. The function (16) should have the valueŷ(x * , a * ) = y * ❀ a * . This constraint is fulfilled for
This parameter can be inserted into Eq. (15),
which can be evaluated, see Fig. 1(b) , with x * = x and y * = y. Thus, continuously distributed orientations are achieved. To obtain the tangent vector at the orientation function, we have to differentiate the position vector
with respect to the arc-length, which can be chosen in the case of functions equivalent to x. Instead of applying Eq. (16), we apply the chain rule to Eq. (18),
which is a much simpler expression than using Eq. (16) . Here, we draw on the abbreviations f , x := ∂ f (x, y)/∂ x and f , y := ∂ f (x, y)/∂ y. The tangent vector at the orientation function reads
(a) Basic sketch of uniformly distributed fibers, where borehole is applied after production process, and circumplacement of fibers around the hole during the production process To obtain a unit vector at a point x = x * and y = y *
with
Thus, the final unit tangent vector reads
which has to be evaluated at point x = x * and y = y * . The superscript * can be omitted leading to the simple expressions
Finite element studies
In the following, we compare two computations of a plate with a hole having a radius of R = 10 mm. The plate is subjected to a displacement load of u(100, y) = u x = 0.01 mm. It is meshed using 20-noded, isoparametric hexahedral elements with (3 × 3 × 3) Gauss-points. For the geometry and the mesh, see Fig. 2 . Here, only one-eighth of the plate is discretized due to symmetry conditions, see Fig. 2(b) . The material parameters are lend from [4] , λ = 5.64 N mm −2 , µ T = 2.46 N mm −2 , α = −1.27 N mm −2 , β = 227.29 N mm −2 , µ L = 5.66 N mm −2 . In the first computation, we choose the spatially constant fiber orientation a = e x (homogeneous distribution of fiber orientation, in the following called uni-directional). In the second example, the fiber orientation of Eq. (24) is used, which is represented by the tangent vectors to the coordinate lines shown in Fig. 1(b) . This is called bypass. Since this computation has the disadvantage to generate a singularity at point (x, y, z) = (R, 0, z) generating arbitrary stresses close to this point -transition of circle to horizontal line -, we consider an improvement, see Fig. 3 . A polynomial of third order is used to distinct a region, where no fibers are (below this polynomial), and the region using fiber orientation of Eq. (24) . This computation, where the stiffness in y-direction is essentially weaker, is called bypass-reduced. The polynomial starts at point (x, y) = (3 √ 5, 5) and ends at point (x, y) = (15, 0). Its slopes are the same as of the circle on the left, and zero on the right. Inside the small region, we take only the isotropic part of the elasticity relation (13) -first two terms of the elasticity tensor. In the following, we study the stress and strain states in two computations (unidirectional and bypassed-reduced). We evaluate the stresses σ xx at x = 0 and z = 1 (vertical axis), σ xx (0, y, 1), see Fig. 4(a) , and the stresses in vertical direction at the horizontal symmetry plane, σ yy (x, 0, 1), see Fig. 4(b) . The plots are generated using GiD, where interpolation schemes transfer Gauss-point information to nodal points. Obviously, the highest horizontal stresses are produced by a pure uniformly distributed fiber directions at point (x, y) = (0, R). Very promising results are obtained for the "bypass-reduced"-simulation, where the stresses σ xx do not show such large amplitudes in this region (more than three times smaller). Similar results are obtained for the strains, see Fig. 5 . However, we obtain larger compressive strains ε yy for the bypass-reduced computation compared to the purely unidirectional reinforcement. However, negative strains are not so critical as tensile strains. Thus, promising results are obtained. In Appendix C the entire stress and strain distributions are assembled.
Conclusions
In this paper, we investigate the stress and strain distribution of unidirectional and inhomogeneous fiber directions around a hole, which is of interest in manufacturing processes. The circumplacement of fibers is modeled using streamline function to obtain the inhomogeneous fiber direction, which can be evaluated in finite element simulations of transversely isotropic material. The comparison shows a promising results, namely, that the stresses are essentially reduced around the hole. However, compressive strains, vertical to the loading directions, increase, which can be seen as not so dramatic then tensile strains. Further investigations and comparisons to experimental data have to be followed.
A. Voigt-notation of transversal isotropy
In the following, the tensorial notation is transferred into matrix notation so that no unnecessary computation should be performed. This is connected to the term Voigt-notation. Particularly, this is caused by the property of symmetry of the stress and strain tensor. Additionally, the scalar product in the principle of virtual displacements leads to a specific representation of the vector containing the independent strain tensor components leading to a symmetric elasticity matrix. The (coefficients of the) components of the stress and strain tensor
are assembled into column vectors To describe the influence of incorporating the symmetry properties into matrix formulation, we perform to steps: first, the tensorial quantities are transferred into (9 × 1) and (9 × 9)-matrices, respectively. In this context, we treat the product (12) leading to
The symmetry of the stress tensor implies that the last three equations are the same as equations 4 to 6:
Now, we incorporate the symmetry of the strain tensor,
In other words, we obtain the representation T =CẼ, with T ∈ R 6 ,Ẽ ∈ R 6 andC ∈ R 6×6 . The arrangement of the coefficients of a fourth order tensor into the matrixC depends on the original calculation. For example, in the elasticity relation (13) we different products. First, we look at a product C = A ⊗ B, where A = A T and B = B T are symmetric tensors. The coefficients of C are given by c i jkl = a i j b kl . In this case, the coefficient matrix (29) has the representation 
A fourth-order tensor having the transposition T 23 requires a more detailed consideration. We consider the product T i j = C ik jl E kl yielding 
Obviously, in each column the indices 2 and 3 are exchanged, compared to representation (27 
If we apply these ideas to the tensors
, we obtain the following representations: 
In finite elements, we have the scalar product of the stress tensor with the strain tensor (or with the virtual strain tensor). Since we would like to reduce the amount of function evaluations, we consider this scalar product 
with M = diag(1, 1, 1, 2, 2, 2) ∈ R 6×6 and E T = {E 11 E 22 E 33 2E 12 2E 23 2E 31 }, i.e.
Commonly, the "shear angles" γ 12 = 2E 12 , γ 23 = 2E 23 , γ 31 = 2E 31 are introduced in Solid Mechanics implying that the product with 2 can be omitted. If we have the product T = C E, i.e. T =CẼ = CE, the scalar product (37) reads:
In other words, the last three columns of the coefficient matricesC must be multiplied with a factor 1/2,
yielding the side effect that all matrices (33) -(36) become symmetric.
B. Case a = e 1
Frequently, transversely isotropy is connected to the Voigt-notation, i.e. the (6 × 6)-representation. In this case the orientation of the fibers is connected to one spatial coordinate direction, a = e 1 leading to the structural tensor M = a ⊗ a = e 1 ⊗ e 1 , i.e. there is only the component m 11 = 1. All others are zero. In this case the matrix representation degenerates to
C. Stress and strain distributions
In the following, we compile the whole stress and strain distributions in Figs. 6 and 7.
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